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ALGEBRAIC SETS WITH FULLY CHARACTERISTIC 

RADICALS 
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Abstract. We obtain a necessary and sufficient condition for an 
algebraic set in a group to have a fully characteristic radical. As 
a result, we see that if the radical of a system of equation S over 
a group G is fully characteristic, then there exists a class X of 
subgroups of G such that elements of S are identities of X. 
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In this article, our notations are the same as [2], [3], m, [5] and [6]. 
The reader should review these references for a complete account of the 
universal algebraic geometry. We fix an algebraic language C and we 
denote equations in the both forms p ^ q and {p, q). For an algebra A 
of type C and any system of equations S C Atc{xi ,..., a;„), we denote 
the corresponding radical ideal by RadA(*S'). Recall that 

Radyi(S') = {(p ~ g) e Atc{xi, ...,Xn) : Va{S) C Va{p ~ g)}, 

where Va{S) and Va(p ~ g) are the corresponding algebraic sets of 
S and p ^ q, respectively. In other words, RadA(*S') is the set of all 
atomic logical consequences of S in A. In general, one can not give a 
deductive description of Rad^(S'), because it depends on the axioma- 
tizablity of the prevariety generated by A, [7]. In this direction, any 
good description of the radicals is important from the universal alge¬ 
braic geometric point of view. In this article, we give a necessary and 
sufficient condition for RadA(5') to be fully characteristic congruence 
(invariant under all endomorphisms). We apply our main result to ob¬ 
tain connections between radicals, identities, coordinate algebras and 
relatively free algebras. Although most of the results can be formulate 
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in the general frame of arbitrary algebraic structures, we mainly focus 
on groups in what follows. As a summary, we give here some results in 
the case of coefficient free algebraic geometry of groups. 

Let (j be a group and E C G*" be an algebraic set (with no coeffi¬ 
cients). Then the radical Rad(ii^) is a fully characteristic (equivalently 
verbal) subgroup of the free group if and only if, there exists a 
family {Ki} of n-generator subgroups of G such that F = IJ^ iL”. As 
a result, we will show that if RadG(*S') is a verbal subgroup of F„, 
then there exists a family X of n-generator subgroups of G such that 
RadG'(S') is exactly the set of all group identities valid in X. We also 
see that under this conditions, there exists a variety W of groups, such 
that the n-generator relatively free group in W is the coordinate group 
of F. 


1. Main result 

Suppose C is an algebraic language and V is a variety of algebras of 
type C. For a hnite set X = {xi,... ,Xn} of variables, F'viji) de¬ 
notes the relatively free algebra of V generated by X. A congru¬ 
ence R in F^^{n) is called fully characteristic (or fully invariant), if 
for all endomorphism a : F'v{n) FY{n) and (p, g) G R, we have 
{<y{p),a{q)) G R. The following theorem concerns the situation the 
radicals of algebraic sets in which are fully characteristic. 

Theorem 1. Let A eX be an algebra and E O be an algebraic set. 
Then Rad{E) is fully characteristic congruence of F^in), if and only 
Kf for a family {Ki} of n-generator subalgebras of A. 

Proof. Let {Ki} be a family of n-generator subalgebras of A and F = 
UiK"- be algebraic. Let a : FY^n) —)■ Fv(n) be an endomorphism and 
(p, g) G Rad(F). Suppose 

a{Xi) = Vi{Xi, ...,Xn) 

and a = {ai, ..., Un) G F. Hence, there is an index i such that 
ai,... ,an G Ki. Note that we have 

a(p)(a) = p{vi,...,Vn){a) 

= p{vi{a),...,Vn{a)). 

Since Ki is a subalgebra, so for any j we have Vj(a) G Ki., and therefore 
(ui(a),...,z;„(a)) GFfCF. 

This shows that 

p(ui(a),...,Un(a)) = g(ui(a),...,Un(a)) 

= a(g)(a), 
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SO, we have {a{p),a{q)) G Rad(i?). Conversely, suppose that Rad(i?) 
is fully characteristic and Vi,... ,Vn G Fv(?7,) are arbitrary. Consider 
the endomorphism a{xi) = Vi. For any (p, g) G Rad(i?), we have 
(a(p), a{q)) G Rad(i?), so for any a E E, the equality 

p{vi{a),.. .,Vn{a)) = q{vi{a ),... ,u„(a)) 

holds. This shows that 

(ni(a),... ,Un(a)) G V'A(Rad(£^)) = E. 

Therefore, for arbitrary Vi,... ,Vn G F-y{n) and a E E, we have 

{vi{a),.. .,Vnia)) E E. 

Let K(a) be the subalgebra generated by ai, ..., a^. We have 

{vi{a),. ..,Vn{a)) E K{a)'^, 

and hence 

E^[jK(ar. 

a 

The proof is now completed. □ 

As a result, we see that for an arbitrary system of equations S, the 
radical RadA(5') is fully characteristic, if and only if, there exists a 
family {Ki} of n-generator subalgebras of A, such that 

Va(s)^\Jk". 

i 

This shows that RadA(<5') = Hi Rad(A’f). Since for an arbitrary algebra 
K, the radical Rad(A'”) is the set of identities of K with variables in 
X, so we have the following corollary. 

Corollary 1. Let S be a system of equations in the variety V and 
A G V. //RadA(<5') is a fully characteristic, then there is a family of 
n-generator subalgebras of A, say X, such that 

RadA(5') = idx(R). 

2. Application to groups 

The hrst application of our main result is about algebraic sets in 
nilpotent groups the coefficient-free radicals in which are characteristic 
in the free group It is well-known that the classes of fully char¬ 
acteristic and verbal subgroups of are the same. But it is a very 
hard problem to determine the structure of characteristic subgroups in 
free groups. In [9], Vaughan-Lee proved that if C is a characteristic 
subgroup of Fn and 7 n(Tk) C C, then C is fully characteristic. We can 
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use this result of Vaughan-Lee together with our main result to prove 
the following. 

Theorem 2. Let G be a nilpotent group of class at most n and A C 
he an algebraic set. Then Rad(74) is a characteristic subgroup of F^, if 
and only if A = [J- Kf for some family {Ki} of n-generator subgroups 
ofG. 

Proof. Let Rad(v4) be a characteristic subgroup. Suppose w G 'jn{Fn)- 
Since G is nilpotent of class at most n, so for all (ui,.. ., a„) G A, we 
have w{ai,..., Un) = 1. This shows that w G Rad(v4). Therefore, we 
have ^n{Fn) F Rad(R) and hence the radical is a fully characteristic 
subgroup. Now the assertion follows from our main result. □ 

We are now going to consider the case of G-groups. Let G be an 
arbitrary group and V be the variety of G-groups (for the basic notions 
of G-groups, see m)- Note that in this case we have — G[V], 

where G[X] denotes the free product G * F„. It is shown in [S] that 
the fully characteristic subgroups of G[X] are exactly the G-verbal 
subgroups. Recall that for an arbitrary set W of group words with 
coefficients from G, variables Ti,..., Tm and arbitrary G-group LT, the 
G-verbal subgroup corresponding to W is the subgroup W{H) of H, 
generated by the set 

{w{hi, ...,hm)- hi,..., G W, re G W}. 

Corollary 2. Let S C G[X] and RadG(<5') he a G-verbal subgroup of 
G[X]. Then all elements of S are G-identities ofG. 

Proof. Let E = Vg{S). Since Rad(i?) is G-verbal, so E = [J-Kf', 
where every is a G-subgroup of G. But, the only G-subgroup of 
G is G itself. So, we have E = G” and hence any element of R is a 
G-identity of G. □ 


Suppose H is a G-group. Recall that the coordinate group of a set 
E G is dehned as 


r(i?) 


gw 

Rad(E) ■ 


Similarly, for a system of equations S, we dehne the coordinate group 
Th{S) to be TiVniS)). One of the main problems of the algebraic 
geometry over groups is the investigation of the structure of this coor¬ 
dinate group. We show that if RadniS) is a G-verbal subgroup, then 
there exists a variety W of G-groups such that Th{S) = Fw(r), the 
n-generator relatively free group of W. 
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Corollary 3. Let H be a G-group and S be a system of G-equations 
such that Vh{S) = [j^K^ for some family of n-generator G-subgroups 
of H. Then there is a variety W such that = Fw(r)- The 

converse is also true. 


Proof. We proved that Rad//(S') is a G-verbal subgroup and hence there 
is a set W of G-group words, such that 

RadniS) = W{G[X]). 


Let W be the variety of G-groups dehned by W. Then, we have 




G[X] 

RadniS) 

G[X] 

WiG[X]) 

Fw{n). 


Conversely, suppose there is a variety W such that Th{S) = Fw(?^)- 
Let W be the set of all n-variable G-identities valid in W. Note that 
W = W{G[X]) and 


Fw{n) 


gw 

w 


This shows that Radi/(S') = W{G[X]) is a G-verbal subgroup of G[X] 
and hence Vh{S) has a decomposition 14/(5') = IJ^ iLf for some family 
of n-generator G-subgroups of iL. □ 


There are some examples of equational noetherian relatively free 
groups: ordinary free groups, free elements of the varieties of the form 
var{H) in which H is equational noetherian and free solvable groups 
of given hxed derived lengths. As another application, we obtain a suf¬ 
ficient condition for a variety to have equational noetherian relatively 
free elements. 

Corollary 4. Let H be a G-equational noetherian group and W be a 
set of G-group words such that the G-verbal subgroup W{G[X]) is the 
radical of some subset ofH^. Let W be the variety of G-groups defined 
by W. Then Twin) is G-equational noetherian. 

As a hnal point, note that one can ask about conditions under which 
the radical of a system of equations is a characteristic subgroup. It 
seems that this is more complicated but interesting problem. 
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